We consider the influence of Faraday rotation in chaotic magnetic field on the intensity and linear polarization of multiple scattered radiation. All fluctuations are assumed as Gaussian type and isotropic. The values of magnetic field are less 10 5 Gauss. In this case the parameter ω B /ω = (eB/m e c)/ω ≃ 0.93 · 10 −8 λ(µm)B(G) is small and the radiation scatterings are the usual scatterings on free electrons. Only the Faraday rotation influences on the intensity and polarization of radiation. We consider the Milne problem in the electron magnetized atmosphere without the mean magnetic field. We found that chaotic magnetic field does not increase the number of H-functions, describing the Milne problem. There are four H-functions as in the Milne problem for non-magnetized case. The calculations demonstrate that the polarization of outgoing radiation diminishes strongly with the increasing of the level of magnetic fluctuations. The calculations can be used for estimations of inclination angle i of accretion discs and the level of magnetic fluctuations.
INTRODUCTION
The turbulent motions in stellar magnetized atmospheres, accretion discs and other objects are widespread phenomena (see, for example, Rotshtein & Lovelace 2008 and Penna et al. 2010) . It is known that in electron plasma the frozen magnetic field occurs (see Landau & Lifshitz 1984) . There are many MHD -waves in magnetized plasma, which also acquire stochastic character (see Priest 1982) . The Milne problem corresponds to multiple scattering of non-polarized thermal radiation going from the optically thick level of atmosphere. The polarization occurs by the last scatterings before escape the atmosphere.
The Milne problem for polarized radiation in nonmagnetized electron atmosphere firstly was solved by Chandrasekhar 1947 and Sobolev 1949 (see also Chandrasekhar 1960 and Sobolev 1969 . For regular magnetic field perpendicular to the surface the Milne problem was derived by Silant'ev 1994; Agol & Blaes 1996; Agol et al. 1998; Shternin et al. 2003 . The considered problems are axially symmetric.
The general theory of radiative transfer in stochastic magnetized atmosphere was given by Silant'ev 2005. More ⋆ E-mail: nsilant@bk.ru detailed the problem of the derivation of radiative transfer in stochastic media is presented in Silant'ev et al.2017b . The derivation of the system of nonlinear equations for Hfunctions in stochastic magnetic fields on the base of the invariance principle was given in Silant'ev 2007.
Here we derived the system of 4 H-functions following to generalized Sobolev's method (see Sobolev 1969; Silant'ev et al. 2017a) . Note that the Sobolev technique (the resolvent method) also works for the general case of given sources, which does not be calculated by the principle of invariance method. We present detailed data for angular distribution and degree of polarization for many values of magnetic field fluctuations. They can be used to estimate the inclination angle of accretion discs and the level of magnetic fluctuations.
We observe the intensity I(µ, τ ) and polarization Q(µ, τ ) in stochastic atmosphere as mean values over the time of observation and over the area of observation. Here µ = n · N is the cosine of the angle between line of sight n and the normal N to the surface, τ is the optical depth in an atmosphere directed along the normal N. These observed values correspond to the average over statistical ensemble of realizations. The stochastic values are assumed to be of Gaussian type. We denote the averaged values by brackets , for example:
. The fluctuations we denote by primes:
The averaged fluctuations are equal to zero, I ′ = 0, Q ′ = 0 and U ′ = 0.
Our aim is to derive the radiative transfer equations for I0(µ, τ ), Q0(µ, τ ) and U0(µ, τ ) from exact transfer equations, where all values are assumed to be stochastic -the absorption factor α = α0 + α ′ and magnetic field B = B0 + B ′ , etc. The procedure of derivation is presented in Silant'ev et al. 2017b in detail. According to this method, we average the exponential solutions of the transfer equations without the integral terms. This gives rise to effective absorption factors α (I) ef f for the mean intensity I0(µ, τ ) and the effective absorption factor α (pol) ef f for the Stokes parameters Q0(µ, τ ) and U0(µ, τ ). Using the Gaussian type of the ensemble of fluctuations, we obtain exp [−(α0 + α ′ )z] = exp (−α ef f z). Below we give the results of such procedure.
Note that the every turbulence is characterized by the mean length of correlations R1 (the mean radius of curls in the fluid turbulence) and by the dependence of correlation on the distance R between two considered points, characterized by the function A(R). Our theory depends on the integrals from the function A(R). These integrals we denote as fα, fB etc. They depend weakly on the particular forms of function A(R) and are close to unit. In particular, for A(R) ∼ exp (−R/R1) the value fα = 1.
Following to the technique of Silant'ev et al. 2017b, we obtain:
Here τ1 = α0R1, where α0 = N
e σT . The value N (0) e is the mean number density of free electrons and σT = (8π/3)r 2 e ≃ 6.5 · 10 −25 cm 2 is the Thomson scattering cross-section, re = e 2 /mec 2 ≃ 2.82 · 10 −13 cm is the classical radius of electron, e is the electron charge. Note that the number density Ne = N (0) e + N ′ e . Parameter δ describes the Faraday rotation of the wave electric field. The angle of rotation χ is equal to:
where wavelength λ is taken in microns and the magnetic field in gauss. B || = B · n is part of magnetic field along the direction of light propagation n, τT = NeσT z is the Thomson optical length of z. We assume B ′2 || = B ′2 /3.
Eq.
(1) shows that absorption factor α
ef f is less than the mean absorption factor α0, i.e. the atmosphere with chaotic motions is more transparent than non-turbulent one. In opposite, the absorption factor of polarization parameters Q and U due to the chaotic Faraday rotations became greater than those in non-magnetized medium. In the Milne problem, where the semi-infinite atmosphere is considered, the first effect is not displayed, but the second is showed strongly.
RADIATIVE TRANSFER EQUATION
According to Dolginov et al. 1995 we have the transfer equations:
(n∇)I(n, r) = −αI(n, r) + NeσT BI (n, r),
Here terms BI , BQ and BU describe the scattering on free electrons. The particular form of these terms is given in Chandrasekhar 1960 . Considering the Milne problem, we do not write the source terms in this system of transfer equations.
To obtain the system of equations for averaged values I(n, r), Q(n, r) and U (n, r), we take the value R(n, r) = −Q(n, r) + iU (n, r):
Note that the term (n∇)R(n, r) ≡ µdR/ds characterize the variations along the line of sight n. It is clear, that the characteristic length along the line of sight is the free scattering length s ≃ 1/NeσT . We consider the statistical ensemble of fluctuations on this length. The solution of Eq.(4) without term BR(n, r) has the form:
This exponential function can be simply averaged according to the technique described in Silant'ev et al. 2017b .
To obtain the total averaged equations for I0(n, r), Q0(n, r) and U0(n, r) we derived the averages of NeσT BI (n, r) = α ef f B (0) I and NeσT R(n, r) = α ef f (1 + h)R0. As a result, the system (3) transforms to the system:
Note that every integral term BI (n, r), BQ(n, r) and BU (n, r) depends on all parameters I, Q, U . Below we consider axially symmetrical problem with B0 = 0 (the Milne problem). In this case U (n, r) ≡ 0. The system of equations for I0(µ, τ ) and Q0(µ, τ ) has the form:
Here we use the vector (column) notation for I0(µ, τ ) and Q0(µ, τ ). The optical depth is equal to dτ = α
ef f dz. The superscript T stands for the matrix transpose. We use the factorization with the matrix (see Silant'ev et al.2017a ):
Here
. The matricesÂ1(µ) andÂ2(µ) have the forms:
It is useful to introduce the vector K(τ ):
The matrix product of matricesÂ1 andÂ2 is denoted aŝ A1Â2. It is easy to verify that Eq. (7) gives rise to the conservation law of radiative flux.
THE INTEGRAL EQUATION FOR K(τ )
Formal solution of Eq. (7) gives the integral dependence of I0(µ, τ ) on K(τ ). Substitution of this solution in Eq. (10) gives homogeneous integral equation for K(τ ) :
We are interested in the non-zero solution of this equation. The kernelL(|τ − τ ′ |) has the form:
The matricesΨ1(µ) andΨ2(µ) have the forms:
Note thatL
The general theory to calculate the vector K(τ ) was presented in Silant'ev et al. 2015 . Recall, that according to this theory the vector K(τ ) has solution through the resolvent matrixR(τ, τ ′ ):
Here and in what follows we omit the subscription "hom" . The resolvent matrix obeys the equation:
T . This gives rise to the relationR(τ, τ ′ ) =R T (τ ′ , τ ). The double Laplace transform of R(τ, τ ′ ) over parameters a and b is equal to:
This property demonstrates that the matrixR(τ, τ ′ ) can be calculated, if we know the matricesR(τ, 0) andR(0, τ ) (see Silant'ev et al. 2015) . For this reason it is useful to study the equation forR(τ, 0), which follows from Eq. (15):
Using the particular form ofL(|τ − τ ′ |) and Eq. (16), we obtain the relation:
HereÊ is the unit matrix. Futher in our theory we use a = µ and a = µ/(1 + h). Introducing the new values:
we obtain the following equations:
Note, that the H-functions E(µ) and K(µ) can be obtained from algebraic system of equations, if we know the other functions -A(µ), C(µ), D(µ), G(µ), M (µ) and N (µ). These functions do not occur in the Milne problem.
FORMULAS FOR THE MILNE PROBLEM
The specific feature of the Milne problem is that we are to solve integral equation (see Eq. (11)) for K(τ ) , which has not the free term. Using the vector K(τ ), one can obtain the solution of transfer equation (7). The vector I0(0, µ) describes the emerging radiation. This vector has the form:
i.e. this expression depends on the Laplace transforms of K(τ ) over variable τ . From Eq. (22) we obtain the particular formulas:
Further we follow to simple approach of Sobolev 1969, generalizing his method for the vector case and magnetized atmosphere. The final formulas depend on K(0). Taking τ = 0 in Eq.(11), we obtain:
Now we find the relationsK
with the ma-
tricesĤ(µ) andF (µ). Let us get the equation for derivative dK(τ )/dτ , taking into account that the kernelL(|τ
Eq.(26) is non-homogeneous integral equation. According to the general theory of integral equations (see Tricomi 1957 , Smirnov 1964 ) the general solution of Eq.(26) consists of the sum of two terms -the nonzero solution of homogeneous Eq.(11) with some constant k , i.e. kK(τ ) , and the solution of non-homogeneous equation (26) with free termL(τ )K(0). The latter is proportional to K(0) with some factor. This factor obeys Eq.(17) forR(τ, 0), i.e. the general solution of Eq.(26) has the form:
Now let us derive the Laplace transforms of this equation. First transform corresponds to exp (−τ /µ), and the second one corresponds to exp (−(1 + h)τ /µ). Let us consider the first transform in detail. The Laplace transform of the left part of Eq.(27) is equal to:
The Laplace transform of the right part of Eq.(27) has the form:
The equality of Eq. (28) with Eq. (29) gives rise to the relation:
Here we used the relationR(1/µ, 0) = (Ĥ(µ) −Ê) (see Eq. (19) ).
Analogously we obtain the another relation:
Substituting these formulas into Eqs. (23) and (24), we obtain the final expression for I(0, µ):
The detailed expressions from Eq.(32) are:
where
Thus, the solution of the Milne problem depends on 4 H-functions β(µ), γ(µ), M (µ), N (µ) and the components K1(0) and K0(0).
From Eqs. (25), (30) and (31) we obtain the homogeneous algebraic system:
This homogeneous equation allows us to obtain only the ratio K1(0)/K2(0). So, the expression I(0, µ) contains an arbitrary Const. This Const can be expressed through the observed flux of outgoing radiation. Note that the angular distribution J(µ) = I(0, µ)/I(0, 0) and the degree of polarization p(µ) = Q(0, µ)/(I(0, µ) are independent of Const. Note that negative Q(0, µ) denotes that the wave electric field oscillations are perpendicular to the plane (nN).
The necessary condition to obtain K(0) is zero of the determinant of expression (35). We consider the Milne problem in conservative atmosphere. In such case k = 0.
The system of equations for 4 H-functions β(µ), γ(µ), M (µ) and N (µ) is:
These equations can be obtained from Eqs. (20) and (21) Table 1 . The values K 0 (0)/K 1 (0), the angular distribution J(µ = 1) and polarization degree p(µ = 0) for different values of parameter h. 
Considering Eq. (40) as quadratic equation, we obtain β 0 = 2, γ 0 = 0. For these β 0 and γ 0 we find that the determinant of Eq. (35) is really equal to zero. The ratio K0(0)/K1(0) is equal to:
From our calculations K0(0)/K1(0) = −0.10628 for h = 0 and is equal to −0.09431 for h = 1. The detailed dependence of K0(0)/K1(0) on parameter h is given in Table 1 . The moments β n , γ n , M n, N n are given in Table 2 for h = 0, and in Table 3 for h = 50. Note, that we calculated the H-functions β(µ), γ(µ), M (µ) and N (µ) by method of successive approximations, using in the first approximation the values β 0 = 2, γ 0 = 0. These values repeat after small numbers of approximations. 
RESULTS OF CALCULATIONS AND DISCUSSION
The result of calculations of Eqs. (35)- (38) demonstrates that the linear polarization, emerging from the optically thick magnetized atmocphere, depends very strongly on the parameter h (see Eq. (1)). We calculated the angular distribution J(µ) = I(µ)/I(µ = 0) and polarization degree p(µ) = −Q(µ)/I(µ). The peak values of the polarization reach at µ = 0 and the angular distribution at µ = 1. The position angle of emerging radiation corresponds to the wave electric field oscillations parallel to the accretion disc plane, i.e. as in the case of the standard Milne problem.
Our equations at h = 0 give rise to the standard angular distribution and polarization degree (see Chandrasekhar 1960) with pmax = 11, 713% and Jmax = 3.063. At h = 0.5 these values are 7.169% and 3.046, correspondingly (see Table 1 ). With the increasing of h the polarization tends to zero and the angular distribution tends to standard value in the Milne problem for the intensity without taking into account of polarization ( Jmax(1) = 3.021). From Tables 2 and  3 we see, that calculations confirm the exact values β 0 = 2 and γ 0 = 0 for all values of parameter h. Table 4 gives the J(µ) and p(µ) -values for h = 0, 0.5 and 1 . In Fig.1 we give the detailed dependence of polarization degree p(µ) on parameter µ for many values of h. The angular distribution J(µ) is given only for h = 0 and 20. The value J(1) at h = 20 is equal to 3.021. Thus, it is seen that J(µ) practically is independent of parameter h.
According to Eqs. (1) and (2), we have:
i.e. the dependence of the depolarizing factor h on the wavelength λ is very strong. This gives strong decreasing of polarization degree with increasing of parameter h (see Fig.1 ). It means also that the polarization decreases strongly with the increase of the wavelength λ.
There are many methods to estimate the inclination angle i (cos i = µ) of an accretion disc plane (see Axon et al. 2008; Marin 2014) . All methods assume the different suggestions about physical picture of considering objects.
Thus, Afanasiev et al. (2018) assume that the optically thick accretion discs radiate according to the Milne problem in non-magnetized electron atmosphere. In this case the polarization of continuum radiation does not depend on the wavelength. They considered the objects with such polarization and used the standard Chandrasekhar's dependence of polarization degree on the parameter µ (see Chandrasekhar 1960) . Following their method (with the same assumptions) we can consider the accretion discs, where continuum radiation has polarization degree rapidly decreasing with the increase of wavelength λ. Now the problem is to seek such two parameters -µ and h in order for obtain the observed polarization degree for many values of wavelength λ. Below we will show that sometimes this problem can be solved. Table 5 shows that in the atmosphere with chaotic magnetic field the observed degrees of polarization p(i)% occur inside various intervals of parameter h. Thus, the polarization p(i) = 2% occurs according the Chandrasekhar table only at the inclination i = 57
• . But in atmosphere with chaotic magnetic field this polarization can exist in all values of h from zero up to h = 3. The existence of these intervals gives possibility to estimate the inclination angle i from two or more observed degrees of polarization.
As an example, we obtain the inclination angle i for Seyfert 1 nucleus Mrk 231 (see Smith et al. 2004, Fig. 4 ). While Smith et al. interpreted the polarization as arising in a jet (polar scattering region), we explore the possibility that the polarization is due to the Milne problem in optically thick accretion disc with chaotic magnetic field. From  Fig.4 in this paper we have: p(λ = 0.51µm) = 5.5%, p(λ = 0.55µm) = 4.8%, p(λ = 0.58µm) = 4%. Using our Fig.1 , we obtain i ≃ 85
• . The corresponding values of parameter h are: 0.36, 0.5, 0.62.
Note that our aim is to demonstrate that the Milne problem in an atmosphere with chaotic magnetic fields can be used in consideration of observed polarization data.
CONCLUSION
The Sobolev's technique is generalized to describe the Milne problem in the atmosphere with chaotic magnetic fields without the mean value. The radiation equation for this case has different absorption factors for intensity I and the Stokes parameter Q. This case is described by the system of four nonlinear equations for H-functions β(µ), γ(µ), M (µ) and N (µ), as it occurs for the Milne problem without magnetic field. The solution of these equations by the method of successive approximations is very effective, if we use the exact moments of H-functions β 0 = 2 and γ 0 = 0. The calculations demonstrate that the chaotic Faraday rotations of the wave electric field diminishes very effectively the polarization. The results can be used by consideration of linear polarization of radiation in the optically thick chaotically magnetized atmospheres of stars, accretion discs etc. Note that in spherical stars with homogeneous atmosphere the total polarization from the star is equal to zero. The total polarization from an star can be observed if the distribution of turbulent magnetic fields is non-homogeneous. The strong dependence of polarization on the wave length λ may Table 4 . The angular distribution J(µ) and degree of polarization p(µ) = −Q(µ)/I(µ) in % for h = 0, 0.5 and 1 . 
